For Reference 


NOT TO BE TAKEN FROM THIS ROOM 


BSOSOOSocorc?> 
The University of Alberta 
Printing Department 
Edmonton, Alberta 


Digitized by the Internet Archive 
In 2022 with funding trom 
University of Alberta Library 


https://archive.org/details/Amend1975 


cs af’ de, 


ae 
DMOREE FCR Wiis “re . 
YEAR THIS DEORE HY 


Petweier © 
~~ 8768004R 2 Geooy 


TS eM «4 ween, 


THE UNIVERSITY OF ALBERTA 


RELEASE FORM 


NAMEMOMEAU THOR ME eA Cer eROLand  AMeNnd iyi) cic. cieic oa cules 
Ti ChE eOraTHROLS =... .2-LORQS.sLQnal sbodic). eenservatiqn..... 


so pelolel Matha ieskial ere bel replys corey tb Hol — se iaar aan 


MY Cal) Cl Sie ee er eer tr a ey Od ace 
DEGREE FOR WHICH THESIS WAS PRESENTED .RA.D.... eee ee ee 
VoOneRaere Pom LGR HE RMGRAN TIMID Amit. cho etecsrc cle ca tillice s/s alee ve stele 


Permission is hereby granted to THE UNIVERSITY 
OF ALBERTA LIBRARY to reproduce single copies of this 
thesis and to lend or sell such copies for private, 
scholarly or scientific research purposes only. 

The author reserves other publication rights, 
and neither the thesis nor extensive extracts from 
it may be printed or otherwise reproduced without 


the author's written permission. 


Ph »- e Lipe P is 


tp IP EVAREDO SO. . PSSM Wide POROF Seiler Oo Barr 


. ‘ J 
vo ‘ ' - 4 ie ve , Cony 
m a e 1 LA 
. oer; reeet “yy ; . abe ] ie 
j } ei , Sit el eenys ' A rn a ¢ 


THE UNIVERSITY OF ALBERTA 


PROPOSITIONAL LOGIC, CONSERVATION AND TRANSITIVITY 


IN SIX TO NINE YEAR-OLDS 


by 


DEXTER ROLAND AMEND 


A THESIS 
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES AND RESEARCH 
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE 


OPB DOCTORS OFS PHT LOSOPHY 


DEPARTMENT OF PSYCHOLOGY 
EDMONTON, ALBERTA 


PALL, 1975 


v 


eT aA TO YET ST 


YTIVIPICVARY THA HC iVAGGNG 424 AI JAVOLT ICs ORs 


ChI5-KAGY WIM OF AIS WI 


| -~a 


WIA CHADOM, aT 


MOAAGaIS CWA BALCIPS PAV ati i YToarosas SST oF TST Lae 
SHG000 <P 204 HIWEMASIVORH BRT YD THtedTadt? GARTRAG uk > 


VIRSEC LI AY IO. ROTO OI “AO 


THE UNIVERSITY OF ALBERTA 


FACULTY OF GRADUATE STUDIES AND RESEARCH 


The undersigned certify that they have read, and 
recommend to the Faculty of Graduate Studies and Research, 
for acceptance, a thesis entitled "Propositional Logic, 
Conservation and *Transitivity in ‘Six to Nine Year-Olds", 
submitted by Dexter Roland Amend in partial fulfilment of 
the requirements for the degree of Doctor of Philosophy 


imePsychologyr 


Ad 
tags] 


Ait 


fe 4 
Wills 
4 at 


VT CEST  aer 


a BROAD. 66 tease 


S31BAIHSIG Wi 
. ives *ePjevaiereu 


2 eh Pe is j 74s 


Abstract 


This research was prompted by Brainerd's (1975) 
argument that, on logical grounds and contrary to 
Projects meneonysOLmlOog Cals Growth. the acquisition of 
propositional logic should precede the acquisition of 
class and relational logic. Two samples (Canadian and 
American) of primary grade children (aged 6-9 yrs.) were 
presented with two concrete operations tasks based on 
class and relational logic, and a twenty-item question- 
naire which assessed childrens' understanding of two 
inference rules and three axioms which form the basis of 
propositional logic. The main purpose was to find out if 
young children understand the basic principles of pro- 
positional logic, and to evaluate the developmental 
relationship between the understanding of propositional 
logic and the acquisition of concrete operations. 

Results from both samples suggested that primary grade 
children, regardless of age, understand the basic princi- 
ples of propositional logic and that this understanding 
is acquired before concrete operations, or class and 


relational logic. 
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Introduction 


This research involved the assessment of primary 
grade childrens' (aged 6-9 years) understanding of 
propositional logic. Although the rationale and methods 
employed herein are similar to those used by others who 
have studied logical abilities (eva Barty 99 LOVeHis 
1961; Ennis and Paulus, 1965), they differ markedly from 
Piaget's approach (Piaget, 1957; Inhelder and Piaget, 
1958; Flavell, 1963) the influence of which is responsi- 
ble for the prevailing view that an understanding of 
propositional logic is not acquired until adolescence 
(age 12 years and after). In order to place the present 
study in its proper context it is necessary to discuss 
Piaget's approach to propositional logic and to consider 


some of the work which has come in its wake. 


Propositional Logic and Adolescent Thinking 


iim S537 einecollaboration witheBs Inhelder, Praget 
published "The Growth of Logical Thinking from Childhood 
to Adolescence". This volume, which describes and 
illustrates the transition from the concrete operations 
stage to the formal operations stage, contains virtually 
all of the information Piaget has provided regarding his 
view that propositional logic is uniquely associated with 


adolescent thought. This book provides the content for 
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the following discussion of Piaget's view. 

The concrete operations stage is associated with 
middle-childhood (approximately 7-11 yrs.). This stage 
is based on separate cognitive structures which corre- 
spond to the logic of classes and the logic of relations. 
Thinking during this stage is in terms of actualities. 
Class and relational logic enable simple operations of 
correspondence, classification and ordering upon physical 
objects which can be observed and manipulated, but do not 
permit consideration of more complex object relationships 
which are not concretely evident in a situation. On the 
other hand, the formal operations stage is associated 
with adolescence (age 12 yrs. and after). This stage is 
based on an integrated cognitive structure which corre- 
sponds to a complete system of propositional logic. This 
system is comprised of the 16 possible relationships 
obtainable among the propositions p, q and their negatives 
(Appendix A tables these relationships). Thinking during 
this stage is in terms of possibilities. The 16 proposi- 
tional relationships ("binary operations") express all 
the ways in which the objects (variables) of a complex 
Situatlonemay interact to, producesa particular outcome: 
Taken together, these propositional relationships enable 
hypothetico-deductive reasoning which involves the 
systematic consideration of all variables and combinations 


thereof which may figure in the outcome of a complex 
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SPelacLomn. 

To illustrate the differences in thinking which 
occur at the concrete and formal stages, children and 
adolescents were presented with complex situations 
Similar to demonstrations used in junior high school 
science classes. These demonstrations involved such 
things as the equality of angles of incidence and reflec- 
tion, the equilibrium of a balance, the role of invisible 
magnetism and the combination of colorless liquids to 
form a colored solution. In each case, subjects were 
asked to explain a particular outcome or solve a particu- 
lar problem. The result was that children were not able 
to provide correct explanations or solutions, while 
adolescents were. The verbal responses each subject made 
when explaining an outcome or solving a problem were 
recorded and subsequently analyzed by Piaget. His 
analysis of the response protocols showed that childrens' 
failure was due to their unsystematic use of correspond- 
ence, classification and ordering procedures which failed 
to exhaust the possible combinations of variables involved 
in particular outcomes and solutions. He attributed the 
younger subjects' failure to the separate, unintegrated 
structures of class and relational logic which underlie 
concrete operations. On the other hand, Piaget's analysis 
of adolescents' responses revealed that their correct 


explanations and solutions stemmed from a systematic 


-no5 opts 


qeicde wartsa’ ds si eeonmiess ib Seay 250% teed aT 


x 
.f 
he tis 5 4 4 ei Lia » | @ ES j Swe TCA 95 3 Tél 0 && 
etc 7 
iver bevioveat ceaolsteraersings wont ,esaselo eaaaeice f 7 
Say base’ sorabasn| 26 e@fnne roy ots we epirit? 
fsaval Jo ois cS \eagnal -f4 jayrtdil bone easy nek 
; HA FoR pie im? One mettiertosa 
<a oS) a+ \ i & ’ t T iit ifAa a 14 a lay Lou 4 it ote ? 
os Ssila2 5 iemive teineran jiieligues o9 becAcs 
’ : . ica “<> _ : i ‘ : : re Loot’ wel 
Pew .eoeituloe ab eho brena lase 7782700 SSivo7e. ve 


‘7 M4 TS] "he t OO 

Yao! fe ticle me ry (oe) & eit ~iinrtisiaxss netw 7 

ar Po i er 8 me va rye) 3 (2 Cie V4 a Re ‘ cAs SeUt00e8s il 

‘simeiniida Tadd ‘bewots 2iscmosgow seocc2e.s SAR 36. 22aviere 

-boogestic I ean DFTs evar iiea of sub eeW Sao ita - 
‘ 

Seliekt cofdiw savtwbeoeng potiastes bas so: 6023 teaaio (eons ( 


Seviove: selec: usay to enontsnicims sldtezeg/ fa dewitiee of 


| ad behets att .adotsvloe bas aahoogws ie hfsey fe 


a 


; & seri woh paar aneeiee eit oF | ditties hao soeCUeY 7 
ite ae a i ag: 


ne 


consideration of all the ways in which the variables 
entailed could interact. He attributed the older 
subjects' success to the integrated structure, or com- 
plete combinatorial system of propositional logic which 
underlies formal operations. 

According to Piaget, understanding propositional 
logic involves the use of all of the propositional rela- 
tionships in the combinatorial system. Piaget's analysis 
of the responses one adolescent (Gou) made when explain- 
ing the role of invisible magnetism showed that, in the 
course of his explanation, Gou gave responses which 
expressed each and all of the 16 propositional relation- 
ships. 

Although the Inhelder and Piaget book presents an 
elaborate rationale and some illustrative support for the 
view that propositional logic uniquely characterizes 
adolescent thinking, the information it provides does not 
constitute sound empirical evidence. The authors make no 
attempt to define their sample, to adequately describe 
their apparatus and procedures, or to subject any of their 
findings to statistical treatment. Nevertheless, readers 
of this book are left with the impression that the 
authors regard the acquisition of propositional logic at 
the formal operations stage as a distinct, invariable and 


observable phenomenom common to all adolescents. 
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Replication and Reanalysis 


Lovell (1961) conducted a follow-up study employ- 
ing ten of the science demonstrations described by 
Inhelder and Piaget. Lovell defined his sample of 
subjects (aged 8-18 yrs.) described more explicitly the 
apparatus and procedures involved, and tabulated his 
findings. Lovell's results showed that very few, and 
only his ablest and oldest subjects, fully achieved the 
stage of formal operations. Lovell suspected that 
Piaget's sample consisted of "able children". 

Recently, Dulit (1972) performed a replication of 
two of the Inhelder and Piaget demonstrations, viz. the 
Rings experiment and the Liquids experiment. His sample 
consisted of average adolescents (aged 14-17 yrs.), 
gifted adolescents (aged 16-17 yrs.) and adults (aged 20- 
55 yrs.). Dulit reported that roughly 60% of his gifted 
adolescents functioned at the fully formal level, while 
fewer than 30% of his average adolescents and adults did 
so. Dulit's main conclusion was that formal stage think- 
ing was far from commonplace or routine among normal 
adolescents and adults. 

Two logicians and a psychologist (Bynum, Thomas 
and Weitz, 1972) reanalyzed the protocol of Gou, which 
Piaget presented to illustrate the use of all 16 proposi- 
tional relationships. These investigators found that 


Piaget's interpretation and analysis of Gou's protocol 
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was faulty. They showed that, in fact, only eight of 
Gou's responses could be construed as expressions of the 
propositional relationships in question and that the rest 
were incorrectly interpreted by Piaget. They also sug- 
gested that at least six of the 16 propositional relation- 
ships are inexpressible in common language. 

Weitz, Bynum and Thomas (Weitz, 1971) constructed 
English expressions for ten of Piaget's 16 binary combi- 
nations ("WBT Test for Propositional Logic") and adminis- 
tered them to three groups of subjects: 9-year-olds, 
12-year-olds and 15-year-olds. Although the grade-level 
differences Weitz reported were few and not great, his 
results showed that older subjects solved more problems 
and used more binary operations than younger subjects. 
Weitz hypothesized that older subjects who scored high on 
the WBT test would also use more binary operations when 
solving the Role of Invisible Magnetism task. After 
administering this task, Weitz found that not one of his 
subjects used more than five operations, and that all age 
groups used the same five operations when solving the 
magnetism task. In addition, Weitz noted that 80% of his 
subjects immediately solved the magnetism problem correct- 
ly without using any binary operations. Most subjects 
responded simply by saying, "it must be a magnet". 

The results of the preceeding studies seriously 


undermine Piaget's approach to propositional logic. 
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Besides showing that Piaget's combinatorial system is an 
inappropriate model for adolescent thought, the results 
of these studies question the means, both analytic and 
procedural, Piaget has employed to infer that his system 


of propositional logic is present in adolescent thinking. 


Analysis and Research in a Different Paradigm 


Prior to the research reported above, Parsons 
(1960) analyzed the logical basis of Piaget's formal 
operations stage and concluded that the combinatorial 
system proposed by Piaget did not conform in many ways to 
Whatslogicianssordinarily call: propositionals logic: 

Ennis and Paulus (1965) also noted the uniqueness 
of Piaget's combinatorial system. They pointed out that 
there is nothing—in propositional logic, as logicians 
view it, which requires individuals to use all of 
Piaget's binary combinations before it can properly be 
Said that they understand propositional logic. These 
investigators developed a test to assess deductive 
reasoning in adolescence. Their test consisted of ques- 
tions pertaining to class logic which required syllogistic 
reasoning, and questions pertaining to propositional logic 
which required conditional reasoning. Ennis and Paulus 
expressed the opinion that their test was a more direct 
and appropriate measure of the understanding of proposi- 


tional logic than the methods employed by Piaget. 
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iMGaneecentecritiquesor Pragets, propositional 
logic, Ennis (1975) argued that Piaget's system was not 
merely unique, but "defective". Ennis contested Piaget's 
claim that young children (under 12 yrs.) cannot handle 
propositional logic on the grounds that the claim is 
either untestable or false. On the one hand, Ennis 
pointed out that Piaget seems to be concerned with some 
kind of wholistic logical ability which can't be assessed, 
rather than with =the ability ito reasonvaccording: tova- set 
of principles of propositional logic. On the other hand, 
Ennis pointed to several studies which suggest that 
young children do understand some principles of proposi- 
MULOnalwe logic. 

Hill (1961) conducted an investigation of the 
logical abilities of young children (aged 6-9 yrs.). 
Among the logical problems which she presented to her 
subjects were questions expressing two inference rules 
commonly employed by logicians when axiomatizing propo- 
Sitional logic, viZ. Modus Ponens and Modus Tollens. 

Both of these basic principles of propositional logic 
entail the inference of conclusions from hypothetical 
premises. Hill's results showed that childrens' solution 
rates on these inference rules ranged from 74 to 92%. 
Subsequently, Suppes (1965) cited Hill's results to sup- 
port his view that young children are able to reason ina 


hypothetico-deductive manner and are not limited to 


om ha 1a Senere (27el) Sle Cs 


ai t i gfe 8 my DAF mieie 


fis ao “iwpol fenata feojqoud 


ti “| +] 
A y « 
. 4 > ~~ | 
/ 
i = £7) i ( A i 
} d , 5 
r 
j ae i j " i. aw 
>, € > 
y & Li) 
; ' Citas 
‘ : 
7 < 
: aneita 
tre a 


7 
F295) aie | D.cA Iivet ety poaome ~ 


/ 
J WS: Wet St} te" rns there 


> 
. > ha? ao PN “fe 
. _ 


7 - 7 
bot soho / DNE enero sum ,&2 SLpol senolsIS 


3 . > a! 


pol tepottieogoty to aslqinalsd otetd seer) Yo foe! 
-* 


AP MISE IOS Net ar haivios Ww enrexnejnt eds i i6fc8 
+ Bet 


iar 


502 tme7a 
= A 


concrete operations, as Piaget proposed. 

O'Brien and Shapiro (1968) questioned Suppes' use 
of Hill's findings as conclusive evidence that young 
children are able to think in a hypothetico-deductive 
manner. They pointed out that in Hill's study children 
were required only to recognize the validity or invalid- 
ity of necessary conclusions drawn from hypothetical 
premises. Children were not required to "test" the 
validity of inferences, which O'Brien and Shapiro sup- 
posed should be a better measure of hypothetico-—deductive 
reasoning. These investigators administered two tests to 
two matched groups of primary grade children. The first 
group was presented with Hill's test, which required a 
"yes" or "no" answer to each question. The second group 
was presented with an altered version of Hill's test in 
which one-third of the items were "opened-up" so that the 
conclusions did not necessarily follow from the premises. 
UniltkesHilltsvoriginal test, “the’ questions in the’ altered 
test were open to three possible answers: "yes", "no" 
and "not enough clues". Performance by children who were 
presented with Hill's test was at the same high level 
initially reported by Hill. But performance by children 
presented with the altered test was significantly lower. 
O'Brien and Shapiro observed that, for one reason or 
other, children who received the test with "open- 


questions" avoided the "not enough clues" answer. 
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Although O'Brien and Shapiro succeeded in constructing a 
more difficult test of hypothetico-deductive reasoning, 
Chepercontirmativon tol Hilevscanitial findings Tends 
support to the possibility that young children are aware 
of the necessary relationships expressed in principles of 
propositional logic like Modus Ponens and Modus Tollens. 
Kodroff and Roberge (1975) also presented primary 
grade children with instances of Modus Ponens and Modus 
Tollens. They varied mode of presentation in terms of 
Concretesandaverbaly and typerof content: in’ terms of 
related and unrelated. Their results showed that child- 
ren performed well on Modus Ponens, but less well on 
Modus Tollens. In addition, they found that performance 
was better with the concrete presentation and with the 
related content. The Kodroff and Roberge study is the 
most recent in the series of studies discussed herein, 
each of which entails the assessment of propositional 
Logic dngeiwaymdittLerenteLtromithatworePiaget Se runther, 
these studies suggest that when the basic principles of 
Propositional logic, such as the inference rules, are 
presented and assessed in a direct and appropriate manner, 


young children appear to understand them. 


An Argument for Early Acquisition 


Brainerd (1975) has very recently contended that 


propositional logic cannot be an appropriate model for 
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adolescent thinking. He has pointed out a determinant 
relationship between the logic of propositions and the 
other two branches of mathmatical logic, viz. >the logic 
of relations and the logic of classes. This relationship 
is similar in principle to the relationship between arith- 
metic and algebra. Just as arithmetic is more basic than 
algebra in that the operations and theorems of algebra 
are derived from more primitive arithmetic notions and 
not the other way around, so propositional logic is more 
basic than the logic of classes and relations. For, all 
the axioms, inference rules and theorems of propositional 
logic are employed in class and relational logic, but not 
conversely. Brainerd argues that if the logic of classes 
and relations are used as a model for a given stage of 
logical growth (concrete operations) then the succeeding 
stage (formal operations) cannot, logically, be based on 
the logic of. propositions. If anything, propositional 
logic should characterize cognitive acquisitions which 


precede the concrete operations stage. 


The Present Study 


The principle impetus behind the present study was 
Brainerd's argument that, on logical grounds, the acquisi- 
tion of propositional logic should precede the acquisition 
of class and relational logic, or concrete operations. 


Empirically, the work by Hill (1961), O'Brien and Shapiro 
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(1968) and Kodroff and Roberge (1975) seemed to indicate 
that primary grade children have a grasp of Modus Ponens 
and Modus Tollens. Obviously, however, success with two 
inference rules is not enough evidence to warrant the 
suggestion that young children thoroughly understand 
propositional logic. To provide a more complete measure 
of young childrens' logical abilities, one which would be 
recognized as sufficiently thorough, it was decided to 
assess their understanding of all the axioms and infer- 
ence rules employed in the axiomatization of a commonly 
acknowledged formal system of propositional logic. 

The Basic Principles of Propositional Logic. 
RErerencer co most. any 1 1ncLroductory text onvsymbolaic logic 
(e.g., Basson and O'Conner, 1953 or Massey, 1970) will 
make evident the important basic and general properties 
of axioms and inference rules. Axioms are fundamental 
composite propositions which are always true. Inference 
rules are the means by which it can be said that a given 
proposition follows from one or more other propositions. 
Taken together, these basic principles determine the 
validity of any proposition or chain of propositions ina 
system. Among the few commonly acknowledged systems of 
propositional logic are those of Whitehead and Russell 
(1910) and Alonzo Church (1956). The axioms and infer- 
ence rules employed by Church were chosen for study in 


the present investigation for two reasons: a, they are 
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fewer in number and b, they are all expressed in terms of 
conditionals (i.e. they are formed by use of the Horse- 
shoe connective '">"). This second feature makes the 
axioms and inference rules more easily expressible in 
English. 

The axioms which were employed in the present study 
are: Affirmation of the Consequent, Self-distributive Law 
of the Horseshoe and Converse Law of Contraposition. 

These axioms are to propositional logic what the first 
laws of arithmetic are to arithmetic (cf, Brainerd, 1976). 
Like commutativity, associativity and distributivity which 
define how numbers are connected by addition and multipli- 
cation, these axioms define how propositions are connected 
by use of the "horseshoe". Affirmation of the Consequent 
(written p>(q>p) ) expresses the fact that: Givena 
proposition (p), then p is the consequent of another 
proposition (q). Self-distributive Law of the Horseshoe 
(written (p>(q>r))>((p>q)o>(por)) ) defines the dis- 
tributive property of the horseshoe. This law expresses 
the fact that: when a proposition (p) is the antecedent 
of two other propositions linked by a horseshoe (poDr), 

if p is the antecedent of the first proposition (pDq), 
then p is the antecedent of the second proposition (pDr). 
Converse Law of Contraposition (written (ap oaaq) > (qap) ) 
expresses the fact that: If an antecedent is composed of 


a conditional relationship between two negative 


‘ ‘ + ” - 
ato Ree L oO e158 ~ ; } = rhs G uit . me Tel Z 
é 1 
’ weet ' wey Ww te 9 2 ie LA? Y i; 404 Li bacs 1 
ots 
“ Sry sorte 


ri 
- 
. 
’ 
) : 

po ~ 4 7 ¥ rm 

‘ : i j 

, 

; > wo da « 
P ¢ ) 4 ‘a ' frre rs J 

) ° 

: : F ert! 

r o / 
Hticotiy Wl F ’ . ESE 


» beet Lik uth) ope 7" “ mg. — Pex 43) iw) 


Chu osedaD ald a; | ols ieadetg 
— a ¥ P i ‘ . — 
rr Wel ov i'> HOLT BOC rey 
5 ’ f Py f ( ( 1s, © ‘oe { ' { ‘ ‘ « 123.9 raw) a 
‘ : “a “et , ~ ’ : » Aes Lr? oF > mn 
} 
‘ i 
' ‘ » tor hme, j 4 — 7 al pnd be 
} ta 428 is Ore: tort c ms J aNd y dita aa 
“ow 
i ae Shi _ a e . oe tae 
hebeceihe eric. wt. (a) woke leacnoa viw ted Jos ett 
- 7 
fe - 


. (3 (1) 3 Pe “tor, BB Va avril em 3 Crd i> ja ¢ ait tc ows 
(at Pa 5 _— 
‘ poy) ros af M55 ABIL ads to Josbeuedas ord 


" : : 

7 ae is 7 = - ~~ ; 

ro seta on yt ot ing OG? 3e jJnsbo%e ee 
: ' 1 > _ ra 


Pai 


7 : = 
qe , aH at he wh) he bork wed %;, — 


e 


- 


14 


propositions (2psaq), then the consequent is a condi- 
tional relationship formed by changing the signs of the 
two propositions and reversing their order (q>p). The 
two inference rules which were employed in this study 
are: Modus Ponens and Substitution. Modus Ponens 
(written (p>q - p)Dq) ) expresses the fact that: if a 
conditional relationship exists between two propositions 
(p>q) and the first proposition (p) is true, then the 
second proposition (q) is true. Substitution (written 
((p>q) - (r=p)) >(r>q) ) expresses the fact that: if a 
conditional relationship exists between two propositions 
(p>q), and a third proposition (r) is equivalent to the 
first proposition (p), then a conditional relationship 
exists between the third and second propositions (r dq), 
eet 16 P mes can be substituted, fors ps 

Rationale Behind the Construction of the Question- 
naire. Both inference rules and axioms involve a neces- 
sary relationship between two groups of propositions. For 
inference rules, the first group of propositions is the 
premises of an argument, and the second group is the 
conclusion. An example is the following argument which 


is valid via Modus Ponens: 


Example I 
Logical Form English Expression 
SLOUDMIN a Dic C. If Mary wears her boots, 
(Premises) Then Mary's feet will stay dry. 


p Mary wears her boots 
Group 2 q (Conclusion) Mary's feet will stay dry. 
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Similarly, axioms express a relationship between a group 
of propositions on the left-hand side of a major logical 
connective, and a group of propositions on the right-hand 
side. An example is the Converse Law of Contraposition: 
Example II 
Logical Form English Expression 
(~po-q)> (qa>p) Group 1 If, when Bill is not thirsty, 
Bill never drinks water. 
Group eh ssGroup eZ 
Group 2 Then, if Bill drinks water, 
Enene Buby ersachirstey. 

To recognize that the conclusion follows from the 
premises in Example I implies an understanding of the 
inference rule, Modus Ponens. Similarly, to see that the 
second group of propositions follows from the first in 
Example II implies an understanding of the axiom, 
Converse Law of Contraposition. On the basis of this 
rationale, a test was constructed to assess young child- 
rens' understanding of each of the five basic principles 
of propositional logic. 

To assess young childrens' understanding of the 
five basic principles of propositional logic, each prin- 
ciple was translated into English and expressed in content 
common to the experience of primary grade children, as in 
the two examples previously given. Each principle was 
presented as a question prefaced by the phrase "Suppose 
vou *knowlthat:ay wise @ And; each questions ® nequined: either 


a "yes" or a "no" answer. Although the questions were 
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posed in an hypothetical manner, the concern in the pre- 
sent study was not so much with the intracacies of 
hypothetico-deductive reasoning, as in O'Brien and 
Shapiro's (1968) work, but more simply and directly with 
young childrens' ability to recognize the necessity and 
truthfulness entailed in the five specific principles 
which form the basis of propositional logic. In line 
with this concern, no "opened-up" items requiring "maybe" 
or "not enough clues" answers were constructed. Ennis and 
Paulus (1965) and others have shown that not only child- 
ren but also adolescents and adults perform less well on 
logical problems for which there are no necessary con- 
clusions. Further, an attempt was made to provide famil- 
iar and related content, as opposed to unfamiliar, 
symbolic or unrelated content which are known to increase 
GavEELleulty on logical problems, for adults as well’ as 
children (Wilkins, 1928; and Kodroff and Roberge, 1975). 
The questionnaire containing all the questions presented 
in this study appears in Appendix C. 

Propositional Logic and Concrete Operations. The 
age-range of the young children employed as subjects in 
this study (6-9 yrs.) corresponds, within a Piagetian 
context, to the period of transition between the pre- 
operational and concrete operational stages. Thus, some 
of the children were expected to possess concrete opera- 


tions while others were not. To obtain empirical 


sa ef? AE nsaones ofd panier Laniierttongt 08 #8) 


DrtsS 


ease yori oF moat sné dotdw vtiettoo Deseletn 3o See 


tet 


batseseiq agocrtesun edt) Lisi pcinissnos aT rire Dreade sar 


ety 


40 deloeoeatt odd ceaw ager ‘ees aout a yause dog: 
bac feral?) als. <qmitipines? Ay Liste eae ae, 
Wisse Gre gigni= sin Ga Se (Ueet) 2 oneqgen= 
SPanen suo es11be> a tlide 'acam8lits orrey 


) 
as 


ma teroniag |fticear svki ais of Bal reine Senta 


Snr ni 5oiooel isafaltiecd go at \' se ia wae? aakite 


ai f Eres eA Yo beatin’ art: ,eeSorners al "3 AZiw 
mot bwioe? Shoo eausy Sewer: » ihispette Soo’ ao 


ving zo7 *+sa7°Awode ewe sTecso Snye (T48b) sirbees4 
Clow -waal Weelred-exfobs tins =frense i Con 6ebs-o0 tee 


s00 “iseaenad on eae a7ed? Faldw 263 orettor® fsoaged 


. 


nB? Ubkvowq of effet Sew odes s m6 ah eh empiegio 


eitimetow o2 Seadato ss ,Jnetio, Serie let ease a 


on Liew as e¢fpbt anh emmiciong’ tratyal 4) weeieReeee 


- 
Of (.@pyetot? furs 2ecBoY Dag :@00t en Llib) » geghiaee 


<ihttogas ni @aaeadda ehege eer ad = 


S901 s0ne stesigoy bis stool denbeitageeas ~~) _— 


ab aspatere as. beyoidis. he SUS pay ate 26 neon 


s6itepeds 5 wariw pei 


Ly, 


evidence regarding Brainerd's (1975) contention that the 
acquisition of propositional logic should precede the 
acquisition of conrete operations, the subjects in this 
study were administered two tasks which assess the pre- 
sence of concrete operations. These tasks are detailed 
in the next section. 

The Principle Questions of Interest. The major 
objective of this study was to find out whether young 
children (aged 6-9 yrs.) understand the basic principles 
of propositional logic, or not. Related questions of 
interest which this research was designed to answer were: 
1., is there an age trend in young childrens' understand- 
PigmOtmloglcal™ principles: . 2.) .O00"vOungechildreng rind 
some logical principles more difficult to understand than 
others, and if so, which? 3., is there a developmental 
relationship between young childrens' understanding of 
logical principles and their performance on Piagetian 


concrete operational tasks? 
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Method 


Subjects 


Two samples of 72 children served as subjects in 
this study. Both samples consisted of 12 boys and 12 
ginls from each “of grades 1)/ 2”and 3. “Subjects in the 
first sample were drawn from the class-lists of a middle- 
class, urban elementary school in Edmonton, Canada. The 


agjemrangemOolelirste graders Waseouvyrs. tO 7) yYrS., lemn., 


anda chesmesieagemwasmonyls.e' O1lns.. | "l1ne age range Of 
ScconamOLaderemwoce a \ynSs LONE yLS eo MNS. dnd) cue mean 
age was 7 yrs., 5 mns.. The age range of third graders 


WaseeOnyrS. tO! Geyrs.,) 11 mnss, and) the mean age was 

8 yrs., 5 mns.. The experimenter for this sample was a 
male caucasian, aged 32 yrs.. Subjects in the second 
sample were drawn from the class-lists of a lower middle- 
class rural elementary school in Deer Park, Washington. 
The age range of the first graders was 6 yrs., 6 mns. to 
JavCs. eo mns., anaelthe mean ageswas 6 yrs. olemns ss. 
The age range of the second graders was 7 yrs., 5 mns. 
EORosVES.7) O° mns.)) and the medh age wase/ Vrs. lls 
The age range of the third graders was 8 yrs., 4 mns. to 
OSVCS peels. andthe mean age WASeomy ic.) meets 
The experimenter for this sample was a female caucasian 


aged 24 yrs.. 


18 


Soy te 


‘ 
, 
I .)}) faeiSs ost bert 2 1¢ 2S LSARE 
i" race j ; Sites ' sy 
ee 
> | 2b ' ns 
Vf > * ; 5 7 7% 3 
¥ + r aa % > + 97 ae es) wr i *y = 
ita) tt i Pie a ri a7it3an a) re So&sa2d ; 
- i 
— . ' ; ‘ o (A Sethe } 7 od ee yD 7 
be “ > = 7 a — - 
Guiss — Ae Mis » nm i « =] ay } ~~ \ OG ‘Behl 5 , ae 


? of? Bares aie as a-ge fT AY ‘ ; oo a7eF > Brocrm 7 


- 
nTecne One Ai |artrvelaue Ty 4 25 .ne4esouss Bien 
. if 
J Bim Deve . 3% SaseEerl-BS6i9 Cri). Wess f we1S aie w “a lLigniss : - 
in \das¥ 9nd s4el ©f Leerhos *+risgrenets 1a3u .2abi>o : 


Aino .Jety & eew esebese Feal}? ef? 30 egies eps eae 7 
..gan Fi ..@94 few pos sren sis bos. «erent c. . weary ¥ 
eu? , 20g T =e exefletp Hiense sty Ih epmer, Spe SAT 


. espn tt" ee one eae 
Le toes olen i eee ae 


y 
i. 


19 
Materia ls 


The Concrete Operations Tasks. To assess transi- 
tivity of length and conservation of length, materials 
were prepared after Brainerd (1973). For length transi- 
tivity, three sticks were cut from 4" dowling stock: a 
27.5 cm. stick (painted blue), a 27.5 cm. stick (painted 
yellow), and a 28.5 cm. stick (painted blue). For length 
conservation, two 28 cm. lengths were cut from 4" yellow 
nylon cord. 

The Questionnaire. To assess understanding of the 
principles of propositional logic, a questionnaire was 
cGconstructed consisting of 20, items, -four pertaining to 
each of the five logical principles (see Appendix C). 
According to the rationale mentioned previously, each 
item had the general form: 


wii VOUNKROWPGHe sli oSt. group! OLactacements, 
is the second group of statements true"? 


The four items pertaining to each principle consisted of 
two examples which differed in content. and two expres- 
sions (one positive and one negative) for each example 
(e.g., items 1=4 pertaining to Substitution, in Appendix 
C). Each item was typed on an index card for presenta- 


taQOns 
Treatment Conditions 


Age. Three age levels, six-seven year-olds, seven- 
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eight year-olds and eight-nine year-olds from grades 1, 2 
and 3 respectively, were studied. 

sex. Equal numbers of boys and girls from each 
grade were studied. 

Order. Two of the 5! orders in which the princi- 
ples can occur were randomly chosen for presentation. 
Order I was the sequence: Substitution (S), Modus 
Ponens (M), Converse Law of Contraposition (C), Self- 
distributive Law of the Horseshoe (D), Affirmation of the 
Consequent (A). Order II was the sequence: M,A,D,S,C. 
One-half of the subjects were presented with the princi- 
ples in Order I, and one-half of the subjects were 
presented with Order II. 

Condition. One-half of the items of the question- 
naire expressed the principles in a positive way and 
required a "yes" answer. One-half of the items expressed 
the principles in a negative way and required a "no" 
answer. One-half of the subjects received the positive 
expression of each principle first, followed by the 
negative expression (Condition P). One-half of the 
subjects received the negative expression first, followed 
by the positive expression (Condition N). 

Randomizations. Equal numbers of boys and girls 
from the three age levels were randomly assigned to the 


two orders and two conditions. 
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Procedure 


The concrete operations tasks and the question- 
naire were presented to each subject (S) individually, 
during school hours, in a room separate from the class- 
rooms. Each S was presented with the concrete operations 
tasks first, and the questionnaire last. During the 
assessments, the S and the experimenter (E) sat across 
EEOMeeCactmotvher! at a small) table. “To avoid distraction 
and confusion, all test materials were maintained under 
the table, out-of-sight. Only those materials pertaining 
to the particular task at hand were visible to S at any 
one time. The total assessment session lasted approxi- 
mately 15 minutes per S. 

Administering the Concrete Operations Tasks. Each 
S was presented with the length transitivity task first, 
followed by the length conservation task. 

The procedure for assessing transitivity was as 
follows. First, E took all three sticks from under the 
table. Then, holding the sticks together in one of his 
hands, E showed them to S and said, "There are three 
sticks here, two are blue and one is yellow, right?". 
When S gave his assent, E put all the sticks beneath the 
table, out-of-sight. Next, E took the blue and yellow 
sticks of equal length from under the table and placed 
them on the table horizontally, before S. E moved the 


sticks close together so that S could see they were of 
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equal length. Then E asked, "are these sticks the same 
length?". When S gave his assent E took the blue stick 
and put it beneath the table, out-of-sight. Next, E 
took the longer blue stick from under the table and 
placed it on the table beside the yellow stick. E moved 
the sticks close together so that S could see that the 
blue stick was longer than the yellow stick. Then E 
asked, "is the blue stick longer than the yellow stick?". 
When S gave his assent, E took the yellow stick and put 
it beneath the table, out-of-sight. Finally, E took both 
blue sticks, one in each hand, and eaitecere laine them 


vertically about three feet apart before S, E asked the 


following (randomly ordered) questions: (a), "are these 
two sticks the same length?" (b), "is one of these 
Sticks longer? (if so, which one?)" (c), "is one of these 


Sticks shorter? (if so, which one?)". 

The procedure for assessing conservation was as 
follows. First, E took the two pieces of cord of equal 
length from under the table and placed them on the table, 
horizontally before S. E moved the pieces close together 
so that S could see that they were of equal length. Then 
E asked, "are these pieces of cord the same length?". 
When S gave his assent, E bent the piece of cord nearer 
E to form a "U" shape. Then E asked the following 
(randomly ordered) questions: (a), "are these two pieces 


of cord the same length?" (b), "is one of these pieces of 
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cord longer? (if so, which one?)" (c);, “is “one of these 
Dreces "Of *cordmesnorter: (it somiwhich one?)*”™ 


Administering the Questionnaire. Following 


presentation of the concrete operations tasks, E took the 


index cards with the items typed on them and said to S: 
"I have a stack of cards here. Each card tells 
something about a boy named Bill (girl named 
Mary, for girls) and each card asks a question. 
I'm going to read these cards to you one at a 
time. Each time I read a question, you're 
supposed to tell me the right answer. The 
seshe (Gebers) (SE WUel4 eal! 

During presentation of the questionnaire, when S hesitated 

after E had read a particular card, or when S asked for 

the card to be re-read, E re-read the card. S's answers 
to the concrete operations tasks and his answers to the 


questionnaire were recorded by E during the assessment 


session. 
Dependent Variables 


The dependent variables of interest were the 
correctness-incorrectness of the subject's answers on the 
Piagetian tasks and on the questionnaire. 


Answers on the Piagetian Tasks. Subjects' correct 
answers to the three questions pertaining to transitivity 
and to the three questions pertaining to conservation 
were recorded on a score sheet (see Appendix D) by 


marking an "¥", Incorrect answers were recorded by 
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Answers on the Questionnaire. When answering the 
items of the questionnaire, subject's responded by saying 
"yes" or "no". These two categories of response were 
indicated opposite each item on the score sheet. During 
the assessment for logical understanding, the experi- 
menter simply checked (marked a "¥") in the category 


corresponding to the subject's response. 
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Results 


Each correct answer on the twenty-item question- 
naire was assigned a score of 1. With four items 
pertaining to each of the five principles of propositional 
logic, the minimum possible score on each principle was 
O, and the maximum possible score was 4. The means and 
standard deviations of the number of correct answers on 
each principle are reported by grade level for both 


samples in Table 1. 


Analyses of Variance 


Separate 3 (Grade Level) X 2 (Sex) X 2 (Order of 
Presentation) X 2 (Condition) X 5 (Logical Principle) 
mixed model analyses of variance were computed for the 
Canadian and American samples. Two main effects attained 
Significance for the Canadian sample: the between- 
subjects effect for Grade Level (F=11.10, df=2/48, 
P<¢.001), and the within-subjects effect for Logical 
Principle (F=86,98, df£=4/192, P<¢.0001). In addition; a 
second-order interaction, Sex X Condition X Logical 
Principle, attained significance (F=4.35, df=4/192, 
P<.005). Newman-—Kuels post hoc comparisons of the Grade 
Level means revealed a significant (P< .01) difference 
between grade 3 and both grades 1 and 2, but no difference 


between grades 1 and 2 (see Table 2). Orthogonal 
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Table 2 


Grade Level and Logical Principle Means 


for the Canadian and American Samples 


Source Mean 


Canadian Sample 


Grade Level 
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Logical Principle 
Modus Ponens Boe 
Substitution 3.94 
Affirmation of the Consequent 2296 
Self-distributive Law of the Horseshoe Zeon 
Converse Law of Contraposition BSS) 
American Sample 
Grade Level 
il eal! 
2 15.34 
3 iSy. kere} 
LOGgicalePrinciuple 
Modus Ponens Sos 
Substitution Singtel) 
Affirmation of the Consequent PA STEhe) 
Self-distributive Law of the Horseshoe Spey @) 
Converse Law of Contraposition Biz) 
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Polynomials analysis of the Grade Level effect showed 
that the linear component accounted for the greatest 
Share of variation (F=13.18, df=1/69, PZ.005). The 
F-test for the quadratic component was nonsignificant. 
Newman Kuels post hoc comparisons of the Logical 
Principle means (see Table 2) disclosed the following: 
Converse Law of Contraposition was significantly (P< .01) 
more difficult than each of the other principles; Self- 
distributive Law of the Horseshoe and Affirmation of the 
Consequent were equally difficult, but both were signifi- 
cantly (P¢.01) more difficult than Modus Ponens and 
Substitution; Modus Ponens and Substitution were equally 
difficult. Newman-Kuels post hoc comparisons of the 
means for tthe Sex xX Condition) XsLogicaly Principle inter=— 
action revealed that boys in the negative condition 
scored significantly (P< .01) higher than boys in the 
positive condition on Affirmation of the Consequent, and 
girls in the positive condition scored significantly 

(P< .01) higher than girls in the negative condition on 
Self-distributive Law of the Horseshoe. 

The results for the American sample showed no 
significant Grade Level effect and no significant inter- 
actions. The only effect which attained significance was 
the within-subjects main effect for Logical Principle 
(F=96, df=4/192, P <.0001). Newman-Kuels post hoc 


comparisons of the Logical Principle means (see Table 2) 
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disclosed the following: Converse Law of Contraposition 
and Self- distributive Law of the Horseshoe were equally 
difficult, but both were significantly (P< .01) more 
difficult than each of the other principles; Affirmation 
of the Consequent was significantly (P< .01) more diffi- 
cult than Modus Ponens and Substitution; Modus Ponens and 
Substitution were equally difficult. Inspection of the 
Logical Principle means for the Canadian and American 
samples reported in Table 2 indicates that the order of 
difficulty of the five principles of propositional logic 


was the same for both samples. 


Ordinal Analyses 


An ordinal analysis was conducted to evaluate the 
developmental relationship between the acquisition of 
propositional logic (as measured by overall performance 
on the questionnaire) and the acquisition of concrete 
operations (as measured by overall performance on the 
tasks for length transitivity and conservation). As with 
answers on the questionnaire, each correct answer on the 
tasks for length transitivity and length conservation was 
assigned a score of 1. With three questions pertaining 
to each task, the minimum possible score on both tasks 
combined was O, and the maximum possible combined score 
was 6. To conduct the ordinal analysis, pass-fail cri- 


teria were established to partition all subjects, 
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independent of grade level, into two categories: a, 
subjects who had acquired propositional logic but had not 
acquired concrete operations and b, subjects who had 
acquired concrete operations but had not acquired propo- 
Sitional logic. Two sets of criteria were employed. 
Criterion A required a minimum total score of 14 ( 70% 
correct) on the questionnaire for propositional logic to 
be considered present, otherwise it was considered absent; 
and, a minimum total score of 4 (67% correct) on the 
length transitivity and conservation tasks for concrete 
operations to be considered present, otherwise it was 
considered absent. Criterion B differed from A in that a 
minimum total score of 15 (75% correct) was required on 
the questionnaire. Both sets of criteria were applied to 
the data of the Canadian and American samples and the re- 
sults appear in Table 3. The relationships shown in Table 
3 were tested for significance by use of the binomial test 
(Siegel, 1956). The probability values below Table 3 
indicate that, for both samples and according to both sets 
Of Criteria, propositional logic’ isvacquired! before ‘con— 
crete operations. 

In the present study, the Piagetian tasks were 
employed only as a reference variable to enable the Sonik 
ation of the developmental relationship between proposi- 
tional logic and concrete operations. For this reason, no 


analyses pertaining solely to length transitivity or 
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Table 3 


Sa: 


The Developmental Relationship Between 


Propositional Logic and Concrete Operations 


for the Canadian and American Samples 


Propositional Logic 


Concrete Operations 


Canadian Sample 


Present 


40 


QO*x*xx* 


33 
7* 


Absent 


31*** 
1 


21% 
11 


American Sample 


Criteria 
A Present 
Absent 
B Present 
Absent 
Criteria 
A Present 
Absent 
B Present 
Absent 


Present 


23 


DEK 


IS, 


6** 


Absent 


A1*** 
6 


27** 
20 


Note.-Criterion A = 70% correct on the question- 
naire and 67% correct on the concrete operations tasks; 
Criterion B = 75% correct on the questionnaire and 67% 


correct on the concrete operations tasks. 
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length conservation were planned. But, inspection of the 
scores on the concrete operations tasks showed that 
approximately 97% of the subjects in both samples correct- 
ly answered all the questions pertaining to transitivity, 
while 44% of the subjects in the Canadian sample and 22% 
of the subjects in the American sample correctly answered 
all the questions pertaining to conservation. Owing to 
the ceiling effects reflected in the high solution rates 
On the inference rules and the perfect performance by 
nearly all subjects on transitivity, the inference rules 
and transitivity were omitted from the following analyses 
which evaluate the developmental relationships between 
conservation and each of the three axioms. Pass-fail 
criteria for each of these analyses required a minimum 
score of 3 (or 75% correct) for each axiom to be considered 
present, otherwise it was considered absent, and a minimum 
score of 2 (or 67% correct) for conservation to be consi- 
dered present, otherwise it was considered absent. The 
results of these analyses are presented in Table 4. The 
binomial test was also used to test the relationships 
shown in Table 4. The probability values below Table 4 
indicate the following: for both samples, Converse Law of 
Contraposition and conservation are acquired syncronously; 
for the Canadian sample, Self-distributive Law of the 
Horseshoe and conservation are acquired syncronously, but 


for the American sample, Self-distributive Law of the 
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Table 4 
The Developmental Relationships Between 
Each of the Three Axioms and Conservation 


for the Canadian and American Samples 


Axioms Conservation 


Canadian Sample 


Present Absent 

Converse Law of Present 15 10 
Contraposition 

Absent a7, 30 
Self-distributive Present 21 20 
Law of the Horseshoe 

Absent aba 20 
Affirmation of Present 26 LOX 
the Consequent 

Absent 6* 2A 


American Sample 


Present Absent 

Converse Law of Present 8 18 
Contraposition 

Absent 8 38 
Self-distributive Present 8 22* 
Law of the Horseshoe 

Absent fe} te 34 
Affirmation of Present 9 30** 
the Consequent 

Absent T** 26 


*P'¢ .01 
**D< .001 
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Horseshoe precedes conservation; for both samples, 


Affirmation of the Consequent precedes conservation. 
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Discussion 


With respect to the major question posed in this 
study, viz. whether or not young children understand the 
basic principles of propositional logic, two findings seem 
to suggest a positive answer. First, taking over-all 
performance on the twenty-item questionnaire as a general 
measure of understanding, the means of all grades eo 
both samples evidenced solution rates in excess of 75% -- 
well beyond the 50% objective chance solution rate. 
Second, except in one case, where the American second 
graders solution rate on Converse Law of Contraposition 
was 50%, solution rates on all the principles by all the 
grades from both samples were greater than 50%. 

Results pertaining to the question of an age trend 
in childrens' understanding of propositional logic were 
equivocal. While an age (Grade-Level) effect was evi- 
denced in the Canadian sample, none was noted in the 
American sample. That an age trend was observed in the 
Canadian sample but not in the American sample may be due 
in part to socio-economic factors. The rural area from 
which the American sample was drawn is populated by 
individuals of low socio-economic status. Typically, 
children with relatively depressed backgrounds show slower 
improvement (an hence, fewer and more minimal differences 


in performance) in the primary grades than their counter- 
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parts in middle-class urban areas such as that from which 
the Canadian sample was drawn. Although the Canadian 
sample is more representative of middle-class North 
America, the conclusion that an age trend is generally 
evident in primary grade childrens' understanding of 
propositional logic is probably not warranted. That 
performance by all subjects from both samples was uniform 
on each principle, independent of grade level, (i.e., no 
Grade-Level X Logical Principle interactions attained 
Significance) lends support to the suggestion that no age 
trend exists in primary-grade childrens' understanding of 
propositional logic. Further, except for Canadian third- 
graders, mean performance on the questionnaire was almost 
identical for all grades from both samples. Finally, it 
should be noted that age trends in performance on tasks 
like the questionnaire have been observed in primary grade 
children by some investigators (e.g., Hill, 1961, and 
Kodroff and Roberge, 1975) but not by others (e.g., 
O'Brien and Shapiro, 1968). 

Concerning the question of whether or not some 
principles are more difficult than. others, it is clear 
that children in this study found the axioms more diffi- 
cult than the inference rules. Whereas all children 
showed near perfect performance on Modus Ponens and 
Substitution, with solution rates ranging from 90 to 100%, 


solution rates on the axioms were much lower, ranging 
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from 50 to 80%. The order of increasing difficulty of the 
five principles was the same for both samples, viz. Modus 
Ponens, Substitution, Affirmation of the Consequent, 
Self-distributive Law of the Horseshoe, Converse Law of 
Contraposition. Although no A Priori hypotheses were 
formulated regarding the relative difficulty of the prin- 
aiples, the previous work by Hill (1961) and Kodroff and 
Roberge (1975) had shown that primary grade children find 
Modus Ponens quite easy. At least two factors are known 
to increase difficulty on logical problems such as those 
posed in the questionnaire. Neisser and Weene (1962) 
have shown, and it has been confirmed by others (e.g., 
Haygood and Bourne, 1965), that logical problems which 
are structurally more complex (in terms of more proposi- 
tions and more connectives) are more difficult to solve. 
A second factor is the presence of negations in the 
propositions of logical problems. Hill (1961) found that 
the presence of negations was a better predictor of diffi- 
culty than complexity. In an attempt to account for the 
order of difficulty evidenced in the present study, each 
of the five logical principles was analyzed in terms of 
number of propositions, number of binary connectives and 
number of negations. Table 5 shows that these factors 
taken separately, or together, fail to provide a good 
prediction of the relative difficulty of the five princi- 


ples. The presence of negations in the positive 


rE 


clessqont 20: ebay. att xo ias 0p a 


aria 36 WIlwortar> Dp 
PHAM iy , Biv tome eyo io. eneg Bite Sov estaluning ui? 
Prayer “ae. eraser foley _ Spare > 
0 wi efaavno” .sollesbzet Gd ao tm) ey Pie seteaeee 
sw Seer ogorvel ict on) fmirit LA Mole soe Tao i. 
7 
mwa sift 46 voeilvormrso o's so prkbzepes betelanaae — 
7 
ie i7o075 i2L LT tit zi amiyacn @rfd ,ewelqip ; 
J visser ag jst awordte! bai) (2PeT) epaeder 
Iwan ’ Stllip 2c <wooe 
— ee 6 ac Si 4 ted Lacigol mo wart ora | wedexiak of 
} 
oF > Sni4 i3 pO sat Te Sepeg 
y 
: rriliqg? assed ~<at wr Ons cMeta aver o 
ri wo amd . iF «fener anwwes Bas Geapzel - 
id = 3 artist gic) Gi i Vibe ow Page Se 
=v ign syljiib, sido ess . hWist>enne ton bte Bae - 7 
Sis gk et Sat Io. ss8eso3es ui s6)$6? Sega S | 
| aon? 
St wmipot fae! “ afsidoz: lee ipehl 26 310.9 daqqoay ‘ee ; 
Muih to toss, beat Witted B's2e8 cio Lispan 36 anogeaag afd = i 
afd 493 .Jnveocs “2 Joiase asiit J xs dqghon ae 7 - 


faeo 


ri? ae 


Table 5 
The Number of Propositions, Connectives and Negations in the 


Expressions of the Five Principles of Propositional Logic 


Number of Number of Number of 
Principle Propositions Connectives Negations TOTAL 


Positive Expression 


Modus Ponens 4 3 0) 7 
Substitution 6 5 O shal 
Affirmation of 3 2 (@) 5 
the Consequent 

Self-distributive 4 6 (0) 13 
Law of the Horseshoe 

Converse Law of 4 3 2 9 
Contraposition 


Negative Expression 


Modus Ponens 4 3} 3 10 
Substitution 6 5 3 14 
Affirmation of 3 22 il 6 
the Consequent 

Self-distributive 7 6 ih 14 
Law of the Horseshoe 

Converse Law of 4 S} 1 8 
Contraposition 


a 


Combined Expressions 


Modus Ponens 8 6 3 a7, 
Substitution 12 10 3 25 
Affirmation of 6 4 il shal 


' the Consequent 


Self-distributive 14 es 1 Zi, 
Law of the Horseshoe 


Converse Law of 8 6 3 17 
Contraposition 


eee 


2 eider 
7 
ete he Aneta Ink. meet tea witelat Mage iW eect site 
stool. [epni/taeepyis io seligton tae avis «45 ic ne ree 


- i 
a ee heel - : ———— ee ee es 


i 1? my Ge \) wedagy io seus ‘ 
24 Le , > sari recy. 14 74 wero’ wigfoalsd 
——— — ——— 2” hy RNS a 
au @Vu 1ieo9 
= - a _ ad — + LAr 
i 
> suenn? acta 


: fetiusy. Sede 
c L\@ moelegerret tA 
* SU prove. as 


17 uli seer Ge lies 
6204 wtf > snl 


i «el eemvesD 
LAY eor 1A 


— « - ———a aaa) ee € aa 
vi ‘ 
— CS 


[ 4 i" wl. ay; 
oA nee f 


Sys) 


expressions of the principles distinguishes Converse Law 
of Contraposition as most Git hicwbtry ut ethis  daistunctvon 
breaks-down when the negative expressions of the princi- 
ples (all of which contain negations) are considered. 

The complexity factors give a rough indication of the 
order of difficulty of Modus Ponens, Substitution and 
Self- distributive Law of the Horseshoe, if Affirmation 
of the Consequent and Converse Law of Contraposition are 
excluded from the analysis. Further examination of the 
principles (See Appendix B) reveals that Affirmation of 
the Consequent and Converse Law of Contraposition possess 
unique features which are not assessed in the analysis 
presented in Table 5. Affirmation of the Consequent 
differs from all the rest of the principles in that a 
binary relationship (q>p) is inferred from a single 
proposition (p). Although Affirmation of the Consequent 
is least complex, the presence of entirely new informa- 
tion in its right-hand statement very likely increases 
its difficulty. Converse Law of Contraposition is unique 
in that the propositions which appear in the left-hand 
statement are negated and reversed in the right-hand 
statement. Although Converse Law of Contraposition con- 
tains relatively few propositions and connectives, enab- 
ling easier encoding of the information necessary to 
assess its validity, more processing is required to decode 


the information, which undoubtedly increases the 


CE 


Wal eeqeyvoo) ealatepa ra]eth aos Eg att 1 aire Laks 7 
Anitsarted&. siins cbe. , tivo?) to tegn ee not dtmoqemcting. 6. 
ioubkza acto 26 eabtace.oxe os? idéepen ad Adc Aba 

bershieao® sys lanoliveren uiaeios ana to Oe) ae 
aid, to noclsolon® dover Ss. 6V)p BI0TSar Foe oft a 
‘ie nortugizedie .easie? subaM 26 -yoluskaeeh Do’ saeee = 
PA Ti ORE wt i vsd avistod?24i® «Teg | : 
"sutcoD to Wed Sieyvdo> Bis aneepeatno amy 20 
snows 2 | fers oft moe?) Sebi iaks 
col tzm7 ids At aleavey. id #kbraqas 622) joeteisonlag 
iO we. Sb riSvTiC Pee tray PS aI oi2 i 
02 ; HS88ESzes,) 700 8 ts ivtw =o irtae? sping 
Jpaerol 4202 26 aAgotTeintias .C aloe! me, Begnesaexgy 
teifg nk eelgqrorizq en? 20) tee. edt Lis foal eaeeeae | 
eJz fo2? tes eirnt @r 02 >) oatnanditeiae yundid 7 
fISUPSanOD. 543 TO Gorter ES "ifs fm) Nas4 ogo ts ae 
tit wan vYleattes to Shasesigsans cela oa tase we - 
aesaundt vlott hl was? Soeumidsiq bene is B35 ee, nots | | 
a! 
erpiiw 22 holy reege3snod ao! Wad sb tevdo— Se ae sae | 
Bbisd-siel siz OBE 1 Ming re peaet : el 


yaaa aise nh, ben eye» ink, ae 


fl IRSQce Aasiw 


a 


; ; Bude ia 
a ae bas i ans wis aa 


40 


difficulty of Converse Law of Contraposition. 

Concerning the developmental relationship between 
thesunderstanding of propositionalslogichandsthe acquis1— 
tion of concrete operations, the ordinal analysis of 
overall scores from both samples showed that propositional 
logic prcedes concrete operations. Even when the more 
stringent propositional logic criterion (requiring 75% 
correct answers) was employed, a significantly greater 
proportion of children showed an understanding of propo- 
Sitional logic, in the absence of concrete operations, 
than the reverse. Further, the separate ordinal analyses 
between each of the axioms and conservation showed that 
the axioms were acquired before conservation, or in 
syncrony with conservation. That Converse Law of Contra- 
position and Self-distributive Law of the Horseshoe (in 
the Canadian sample) did not emerge before conservation, 
does not warrant the conclusion that these axioms are not 
acquired before the stage of concrete operations. 

Brainerd (1973) demonstrated that the order of acquisition 
(or difficulty) of the three major indices of the concrete 
operations stage is: transitivity, conservation and class 
inclusion. Conservation was employed as a measure of 
concrete operations in the separate ordinal analyses be- 
cause all but six of the children from both samples showed 
perfect performance on transitivity. But, while conserva- 
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difficult than®class; inclusion, sand so’ represents, a quite 
conservative measure of the concrete operations stage. 

In addition, it is recalled that while the criterion for 
the presence of conservation was a minimum of 2 correct 
answers (67%) the criterion for the presence of the 
axioms was a minimum of 3 correct answers (75%). 

Before proceeding to the general discussion, brief 
consideration should be given to the fact that no sex or 
random (Order, Condition) main effects attained signifi- 
cance in this study. Differences in conceptual and 
language ability between boys and girls aged 6-9 yrs. are 
occasionally but not always observed. That Order or 
Condition of principle presentation should make no differ- 
ence was certainly desired, but not necessarily expected. 
The single Sex X Condition X Principle interaction of the 
Canadian sample seems subject to no clear or meaningful 
explanation, except that out of nearly sixty possible 


interactions at least one should be significant by chance. 


General Discussion and Implications 


It is recalled that the presence of negations 
failed to distinguish the relative difficulty of the five 
principles of propositional logic. Yet (excluding the 
two inference rules on which all children showed near 
perfect performance) t-tests for correlated measures 


revealed that performance on the axioms was significantly 
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(P< .001) better with positive expressions which required 
"yes" answers than with negative expressions which 
required "no" answers. For each sample, 56% of the cor- 
rect responses were "yes" answers to positive expressions 
of the axioms, and 44% of the correct responses were "no" 
answers to negative expressions of the axioms. Since 
positive expressions presented instances in which the 
axioms were true, while negative expressions presented 
instances in which the axioms were false, the better per- 
formance on positive expressions reflects and confirms 
what has been reported by others (e.g., Hill, 1961 and 
Ennis and Paulus, 1965) that true or valid expressions of 
logical principles are more easily recognized than false 
or invalid expressions. It should also be mentioned that 
the greater percentage of correct "yes" answers (and 
hence, the better performance on positive expressions) 
probably reflects, to some extent, the commonly observed 
tendency of children to agree, or say "yes" more often 
than "no" when they are not sure of the correct answer to 
a question. Since Hill's (1961) questions were construc- 
ted in the same manner as the questions in the present 
research, (that is, those questions which contained nega- 
tions were also those which required "no" answers) some of 
the poor performance which she attributed to the presence 
of negations was likely the result of childrens' tendency 
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Socio-economic factors were pointed bogassagpro— 
bable explanation for the better performance on the 
questionnaire by Canadian third-graders. The relatively 
poor performance on the conservation task by children in 
the American sample (22% of the American sample gave 
correct answers to all of the conservation questions, 
while 44% of the Canadian sample did so) is also proba- 
bly accountable in terms of the socio-economic differences 
between the American and Canadian samples. Besides the 
better performance by Canadian third-graders and the 
discrepancy in scores on the conservation task, the 
results obtained from both samples employed in the ste mrats 
study were quite consistent. Apart from the geographical 
and socio-economic differences, two different experimen- 
ters were. employed in this research. While the writer 
served as experimenter for the Canadian sample, his 
Sister-in-law, who had no previous research experience 
and no knowledge of the present study besides that 
required to administer the tasks, served as experimenter 
for the American sample. In this context, the consistency 
of the results attest to their generality, and suggest as 
well the efficacy and reliability of the measures employed 
to assess concrete operations and propositional logic. 

The principle findings of the present study suggest 
that primary grade children understand the basic princi- 


ples of propositional logic; and, that this understanding 
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is acquired before concrete operations. These results 
lend empirical support to Brainerd's (1975) contention 
that the acquisition of propositional logic should pre- 
cede the acquisition of class and relational logic. 

Some investigators (including logicians) have 
argued that Piaget's combinatorial system of propositional 
logic is an inappropriate and unnecessarily complex form- 
ulation. Piaget's model of adolescent thought seems to 
mix and confound the understanding of propositional logic 
with certain other aspects of formal reasoning, such as 
the ability to generate all possible combinations of 
variables relevant to outcome, or the ability to isolate 
a single variable and consider its influence while hold- 
ing other variables constant. In the context of research 
which has been reported since publication of "The Growth 
QEeLOgleals Pninkings trom: Childhood .tosAdolescences; | 
Lunzer (1973) "re-appraised" Piaget's concrete and formal 
stages, and concluded that many of the distinctions 
Piaget has drawn between childrens' and adolescents' 
thinking, including logical abilities, do not hold-up under 
close scrutiny. While certain cognitive abilities may 
characterize adolescent, formal operational thinking and 
distinguish it from the thinking of younger children, the 
results of the present study suggest that the understand- 
ing of propositional logic, per se, does not. Instead it 


appears that even primary grade children have a reasonably 
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thorough grasp of propositional logic, in so far as they 
show awareness of the inherent truthfulness and validity 


of the axioms and inference rules on which propositional 


logic is based. 
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The sixteen binary combinations of the propositions p, gq 


and their negatives (p, q) and the corresponding 


propositional relationships which these combinations 


express. 


LO 


eo eo eos oe Gece Cleo 


— 
OV 


and 


and 


and 


and 


and 


and 


and 


and 


and 


and 


and 


Big eo A ay i Pee A| a eA Ae ey 


and 


and 


and 


and 


and 


Conjunction 


Nonimplication Of q by =p 


Nonimplication of p by q 


Conjunctive Negation 
Affirmation of p 

AT ia Diniaison sof. 
Equivalence 
Reciprocal Exclusion 
Negation of q 
Negation of p 

Dys junction 
Reciprocal Implication 
Implication 
Incompatibility 
Complete Affirmation 
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Appendix B 


The Five Basic Principles of Propositional Logic 


Modus Ponens 
Substitution 
Affirmation of 


the Consequent 


Self-distributive 
Law of the Horseshoe 


Converse Law 
of Contraposition 


Modus Ponens 
Substitution 
Affirmation of 


the Consequent 


Selft-distributave 
Law of the Horseshoe 


Converse Law 
Of Contraposition 


Positive Expression 
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Negative Expression 
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Appendix C 


Questionnaire 


(Substitution) 


Suppose you know that: 
Whoever does good work 
Will get a prize 


If Bill does good work 


LSet Getruesthat: 
Ball willie qe aapEl2e4 


Suppose you know that: 
Whoever does not do good work 
Will not get)a prize 

If Bill does not do good work 


Is it true that: 
Bill will get a prize? 


Suppose you know that: 
Whoever is the first person in line 
Will be the first person to go home 


Piebi ie hom Chesr rst eperson in, line 


LSe toeeruestoats 
Bill will be the first person to go home? 


Suppose you know that: 
Whoever is not the first person in line 
Will not be the first person to go home 
feeo tit Ssenotethie ci iotpersoneineline 
Seite nuesthats: 
Bill will be the first person to go home? 
(Modus Ponens) 
Suppose you know that: 


Tf Bill wears his boots 
Then Bill's feet will stay dry 
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Appendix C (continued): 


be, 


(continued) 


And you know that: 
Bill wears his boots 


Dower ue ethates s 
Bill's feet will stay dry? 


Suppose you know that: 
If Bill does not wear his boots 
Then Bill's feet will not stay dry 


And you know that: 
Bill does not wear his boots 


TSE vost ruescnat: 
Brlivs teet will "stay dry? 


Suppose you know that: 
If Bill eats all his dinner 
Thenwe1 bie will get dessert 


And you know that: 
Bill eats all his dinner 


hSert sGrue that: 
Bil wise get. dessert ¢ 


Suppose you know that: 
If Bill does not eat all his dinner 
Then Bill will not get dessert 


And you know that: 
Bill does not eat all his dinner 


IS*i_t true tha: 
Bill will get dessert? 


(Converse Law of Contraposition) 


Suppose you know that: 
When it is not cold outside 
Bill never plays in the house 


Is it true that: 
Te bile plays in tnesnouse 
Then it is cold outside? 
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Appendix C (continued) : 
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14. 


Suppose you know that: 
When utgismnot coldhoutside 
Bill sometimes plays in the house 


Is it true that: 
If Bill plays in the house 
Then it is cold outside? 


Suppose you know that: 
Whengeiligei sanotethinrsty 
Bill never drinks water 


is poetrue that: 
If Bill drinks water 
THhengpa ee Sathirsty ¢ 


Suppose you know that: 
When Bill is not thirsty 
He sometimes drinks water 


Is it true that: 
Lee Bull drinks water 
EneCrw pier omen LESty, : 


(Self-distributive Law of the Horseshoe) 


Suppose you know that: 
When Bill is hungry 
If someone gives him some bread 
He will eat it 


seit etrues 
If when Bill is hungry 
Someone gives him some bread 
Then when Bill is hungry 
He will eat it? 


Suppose you know that: 
When Bill is hungry 
If someone gives him some bread 
He will not eat it 


Sei GRue: 
If when Bill is hungry 
Someone gives him some bread 
Then when Bill is hungry 
He will eat it? 
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Appendix C (continued) : 
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Suppose you know that: 
When Bill goes to the store 
If he takes some money 
His mother will let him buy candy 


LS yiteetrue: 
If when Bill goes to the store 
He takes some money 
Then when Bill goes to the store 
His mother will let him buy candy? 


Suppose you. know that: 
When Bill goes to the store 
If he takes some money 
His mother will not let him buy candy 


iis) Ae, qeie bike 
If when Bill goes to the store 
He takes some money 
Then when Bill goes to the store 
His mother will let him buy candy? 


(Affirmation of the Consequent) 


Suppose you know that: 
Bre as-a good, cook 


Sa louetLrue;thatc-: 
If Bill makes some cookies 
Tien bi eismdmgGOOds COOK. 


Suppose you know that: 
Bile bs nota good cook 


Sees elle wm cile.es 
If Bill makes some cookies 
Then Bill is a good cook? 


Suppose you know that: 
Biles very cared 


ES) 1t true that: 
feeBllie cakes Oort his, coat 
Michiesiuleisevery tired«c 
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Appendix C (continued) : 


20. Suppose you know that: 
Bill 1s not very tired 


ES) Fc, true that: 
If Bill takes off his coat 
Then Bill is very tired? 
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Appendix D 


Score Sheet 
Name Order 
Sex Age 


Grade Birthdate Condition 


Answers 
Questions Yes No 
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Length Transitivity a( ) b( ) c( ) 


Length Conservation a( ) b( ) c( ) 
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